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Abstract--unsteady heat transfer problems related to a closed cycle, pulsed, high power laser are 
characterized by sudden variations of fluid bulk temperature. An idealized model to represent these 
problems is the incompressible flow past a flat plate subjected to a step change in the fluid bulk 
temperature. The response of the wall heat transfer and the thermal boundary layer thickness to this step 
change in temperature are, therefore, calculated in this paper. The thermal boundary layer equation is 
cast in a finite difference form. This equation is solved by an explicit predictor-corrector method using 
a filtering parameter. The accuracy of the method is verified by comparison with the steady-state solutions 
at large times and was found to be excellent. Existence of similarity variables proposed in an earlier work 
using the integral method has been verified successfully. 
INTRODUCTION 
A pulsed closed cycle electric discharge laser (EDL) is a device used to generate a high energy 
intensity laser beam. A simplified sketch of this is shown in Fig. 1. A working gas flows through 
a closed loop as in a closed circuit wind tunnel used in conventional erodynamic applications. 
The flow is circulated by the fan [1]. 
Electron beam energy in discrete pulses is deposited into the gas in the cavity section. The gas 
temperature aises instantaneously with the deposition of each energy pulse. This energy deposition 
creates population inversion leading to lasing action. Pulse frequencies of 100 Hz are typical and 
each pulse typically lasts for 4/~ s. The typical time scale for a gas particle to travel the length of 
the cavity is 15 ms. Since the pulse width of 4#s is negligible compared to the 15 ms the heat 
addition can be considered to be a constant volume heat addition process. Therefore, at the instant 
of energy deposition there exists a hot region in the flow loop. The length of the hot region 
corresponds tothe length of the cavity in the flow direction. This hot slug of gas moves downstream 
from the cavity at the speed of the flow and encounters the heat exchanger located downstream. 
This heat exchanger removes the heat and restores the flowing gas to the original temperature 
before it enters the cavity. Complete heat removal and mixing are very important for achieving 
a good density uniformity in the cavity. 
Equally important is the temperature balance between the gas and the solid surfaces in the flow 
loop. Estimating the relaxation times and density changes requires a knowledge of unsteady heat 
transfer. One unique feature of these unsteady heat transfer problems is that the fluid bulk 
temperature fluctuates as opposed to problems where the body surface temperature fluctuates. 
A simple model for the analysis of the unsteady heat transfer problems related to the laser flow 
loop is that of the flow past a flat plate. Computational study of the response of the wall heat 
transfer and the thermal boundary layer to a step change in the bulk temperature ofa fluid flowing 
past a flat plate form the contents of this paper. 
The fluid is assumed incompressible and the boundary layer is assumed to be laminar. The 
assumption of incompressibility is justified in view of the low speeds of flow in many designs. 
Boundary layer-suction is applied just before the cavity and due to this the wall boundary layers 
downstream are laminar in many designs. The velocity field gets uncoupled from the temperature 
field due to these assumptions. It is common practice in such cases to solve the steady state 
momentum equations together with the unsteady energy equation [2]. The Blasius equation for the 
velocity field is solved using the Runge-Kutta method. The velocity components u and v at any 
x and y are thus made available for the solution of the unsteady temperature fi ld. The unsteady 
temperature equation is solved using an explicit predictor-corrector method [3]. The thermal 
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Fig, 1. Schematic of the flow loop of a pulsed dosed cycle ELD. 
boundary layer and the wall heat transfer are then obtained from the temperature fi ld as functions 
of time. 
FORMULATION OF THE PROBLEM 
The boundary layer momentum and continuity equations for the two-dimensional incompress- 
ible flow past a flat plate are, 
Ou 8u O2u 
U ~x + V -~y = V --a y 2 , (1) 
0u 0v 
Ox + ~ = o, (2) 
v is the kinematic viscosity and u and v are the velocity components in the x and y directions, 
respectively. 
The following non-dimensionalization s used on equation (1): 
y u V =._~..v ReL. X=L;  Y=~ReL;  U=~ and U~o (3) 
Here L is the reference length, U~ is the free stream velocity and ReL is the Reynolds number 
U~L/v. Equation (1) now becomes 
uOU OU 02U 
+ V ~-~ = c3 y2" (4) 
The stream function ~b can be introduced in view of the continuity equation (2) as 
U=~ and V= dX" 
The transformation, 
Y 
r/= -~ and ¢ = x/~f(r/), 
can be introduced to obtain the well known Blasius equation from equation (4) as 
with the boundary conditions 
f f "  + 2f"  = o, 
f=O, f'=O, atrt=O, 
f '= l ,  as r/--* ~.  
(5) 
(6) 
(7) 
(8) 
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Equation (7) subject o boundary conditions (8) is solved using the Runge-Kutta lgorithm 
giving f, f '  and f "  as functions of r/. An array of X, Y, U and V is generated and stored in the 
computer memory for the computations of the unsteady temperature field. 
The governing equation for the time-dependent temperature field is, 
9T 9T 9T 92T 
9t + U -~x + V -~y = ~( --g y 2. (9) 
~t is the thermal diffusivity of the gas and t is the time. 
The following non-dimensionalization t gether with equation (3) is used in equation (9): 
T-  To tU~ v 
0 T , -T  o t = L and Pr=-ct (10) 
0 is the dimensionless temperature, t is the dimensionless time and Pr is the Prandtl number. Tw 
is the constant wall temperature and T o is the free stream temperature due to the step change. 
The non-dimensional form for equation (9) is, 
90 90 V go__ 1 920 
9--~ + U~--~+ c3y = Prgy  2" 
The boundary and initial conditions for the solution of equation (11) are, 
fo r t=0 and Y=0 0=1,  
t>0 and Y=0,  0=1,  
(l l) 
Y~,  0=0. (12) 
Equation (11) using boundary and initial conditions (12) is solved using an explicit predictor- 
corrector algorithm. 
90/at and dO/dX are approximated by a two point forward difference approximation and a0/9 Y 
and d20/gY 2 are approximated by a central difference approximation. 
A rectangular grid as shown in Fig. 2 is used for the computations, i and j denote the X and 
Y steps, respectively, and n denotes the time step. 
Using this grid notation, the explicit finite difference form of equation (11) is, 
0"~-' 0". At At 
,.j = ,.~ + -~ ( - u , j  ) ( o ,~j - o,"_ ,.j) + TS-P  ( - v,.j ) ( oT.j+ , - o 7j_ , ) 
1 At 
- -  O" 20~j, + O" +Pr(AY)2( ,.2+1- ,j_~). (13) 
A~ is the step size of the dimensionless time, AX is the dimensionless X-step and A Y is the 
dimensionless time Y-step in equation (13). The following parameters are defined: 
At Az and C = 1 Az (14) 
A = ~--~; B = 2A Y Pr (A y)2" 
i 
Ay 
T ¸ 
i - I ,  j~.1 i ,  j+1 
• -~ I~" I , j+1 
i -1 ,  j 
i - I ,  j -1  
I 
I 
Fig. 2. Computational grid 
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used in the numerical scheme. 
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Using definitions (14) the expression for the predictor and corrector for equation (11) are: 
Predictor, 
O~.s=O~j+ AU~.j(O':_t.j-O,".j)+ BV,.j(OTj_,-07j+,)+C(OTj+,-20~j+O~:_,). (15) 
Corrector, 
0,",~ t = (1 - r)di.: + y [O~j + A U~j(O 7+_~j- ~.j) + B Vi.:(O~7) , - 0~.:+, ) + C(O~j+, - 20~.: + 0 ~fJt )], (16) 
where y is a filtering parameter which lies between 0 and 1 as defined in Ref. [3]. 
Most predictor-corrector algorithms require multistep operations in which correctors use 
iterative methods for convergence. In this method, a filtering parameter y is used to correct he 
extrapolated values obtained by explicit difference approximation using one iteration which 
requires no computation of derivatives or inversion of a matrix. Mathematically, the corrector 
introduces a convex mapping. 
If we set y = 0, then O"+~,J = ~i.s which means the corrector is not in use and corrector equation 
(16) becomes the same as equation (13). 
At the steady-state condition, 
O"+l=/gijij = Oi":, for all (i, j). (17) 
Using the above, the steady state condition of equations (15) and (16) become 
AUij(O 7 ~j-O~.s)+ BV~s(O~: 1-Oi.j+I)+C(OTj+~ 20" _a_a, • _ ,  " , . -  " - ~ . j~v~. : _~)=0.  (18)  
The result is independent of the value of ~. The accuracy of the solution is therefore retained 
by the algorithm. 
Choice of 
A range of appropriate values for 7 can be established by a stability analysis over this range of 
values of y, the solution is insensitive to the numerical value of 2:. 
STABIL ITY  ANALYSIS 
In order to represent equations (15) and (16) in matrix form, the following I × I matrices are 
defined. Here, I is the number of X-steps: 
(L/)i.s = ~i-i,s, 
(Ii)i., = 6i.s, 
i = 1,2,3 . . . . .  L s = 1,2,3 . . . . .  L 
6i.~=1, i f i=s ,  
=0,  i f iCs .  (19) 
The following J x J matrices are defined now. Here, J is the number of Y-steps. The elements 
of these matrices are the I x I matrices above: 
(L ) .  = ~.L ,  ( I ) ) .  = ~j-,.A,. 
(I)j., = 6j.~.I, (20) 
The transpose of the D matrix can now be written as 
(DT):., = 6:+,.,I,. (21) 
The following column matrix is now defined: 
E°il (0:)~ = Oi,j= 02'j 0 j. (22) 
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Finally, the following column matrix with elements as the 0ia matrix shown above will now be 
defined: 
-011 = 
021 
Oil 
012 
022 
On 
Ou 
(o)+= oj= 
02~ 
Ou 
From the above definitions, it can be seen that, 
(23) 
0 L ,,j = LO", 
0 F = DTO ", t,j+ I 
0~j_ j = DO ~, 
i=  1 ,2 ,3 , . . . , L  j=  1,2,3 . . . . .  J• (24) 
The matrix notation of equation (15) is 
0 =/~0" (25) 
where 
fl = I + AU, j (L  - I) + BV,. j (D - O T) + C(D T - 2I + O). (26) 
The corrector may also be expressed as 
0 n+l AU O n+l  t .BV  "+' -AU,• j? -2C)O, . j  (TBV, ,y-C~,)O, , j+I+70, j .  (27) i,j - -g  i,j i - , j - -~¥ i•j'Jr ~)C)O i , j - l=( l - -~  ) - -  n 
In matrix notation, equation (27) can be expressed as 
~0 "+~ = 20 + FO", (28) 
f l  = I - 7AUi j L  - 7(BV~j + C)D, 
2 = (I - ? - AUi.j7 - 2C7) I  - (?BV~j - Cy )D T, 
F =7I .  
where 
Combining equations (25) and (28), 
0 "+' = ta -~0 . ./~ + 1")0". 
Thus, the amplification matrix is 
(29) 
(30) 
(31) 
M = n- ' (2 . /~ +r ) .  
Stability is obtained if M is a convergent matrix which is true if we can find a norm such that 
ifMll < 1. 
The norm of a matrix is less than unity provided that the spectral radius which is defined as the 
maximum eigen value is less than unit. A computer program is written to find p(M) numerically• 
p (M) is the spectral radius of the amplification matrix for a chosen set of values of the parameters 
Az, AX, A Y, 7, Pr, /, J. 
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Table I. Results of matrix stability analysis for the explicit predictor-corrector method 
Case DX D Y D T Pr G I J p (M) 
1 0.005 0.01 0.0005 1.0 0.15 8 50 0.9780125 
2 0.005 0.002 0.0005 1.0 0.35 8 50 1.9834 
3 0.1 0.05 0.0001 1.0 0.15 4 100 0.9992391 
4 0.01 0.02 0.0005 0.72 0.15 8 50 0.9349484 
5 0.01 0.05 0.001 0.72 0.2 8 50 0.9868953 
6 0.01 0.1 0.005 3.0 0.25 8 50 1.71642 
The stability analysis is performed for six different sets of values of the parameters shown in 
Table 1. 
It can be seen that Cases 1, 3, 4 and 5 yield a spectral radius of less than unity. Final 
computations were performed using the values given in Case 1. 
RESULTS AND DISCUSSION 
The thermal boundary layer thickness fir and the hydrodynamic boundary layer thickness 6 are 
defined as 
U=0.99 ,  a tY=f i ,  
0=0.01 ,  a tY=f i r .  
It can be seen from equation (4) and the steady state form (00/dr = 0) of equation (11) that when 
Pr = 1, the numerical solutions for (1 - U) and 0 are identical. This information is used to check 
the accuracy of the computations. 
Equation (11) was solved for Pr = 1 by the computer code. For large values of z the solution 
of 0 vs r/did not change with further time steps indicating that steady state solution is reached. 
This was compared with the solution for the Blasius equation of 1 - U vs )7. Figure 3 shows this 
comparison which is excellent. 
Convergence of the computational results for large times at different values of X was verified 
for Pr = 0.72. The results are shown in Fig. 4 for x = 0.24. This was also verified at other values 
of X. 
In an earlier attempt at solving this problem using the integral technique [I], it was found that 
the following similarity parameters existed: 
(~r U~C t 
4) -~ and ~ x X 
The present computational results are plotted as 4) vs ~ in Fig. 5. This shows that indeed a 
similarity exists. 
1.01_~ 
0.8  X - 0.24 
"~¢,10.60.4 iS~-U__~ Pr - 1.0 
Q2 
i i i ~ . -a . t=-~ 
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Fig. 3. Compar i son  of the solution of the B lm~ equation 
for (1 -u )  with the steady state temperature quation for 
Pr= I. 
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Fig. 4. Convergence of the computational results to the 
steady state solution for large values of ~, Pr = 0.72. 
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Fig. 5. ~b (~r/6) as a function of ~(T/x) at different values of X for verification of similarity hypothesis. 
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